We prove some general results on the existence of partitions of unity in Sobolev type spaces on various in nite dimensional manifolds. As special cases we obtain in particular, (continuous) partitions of unity a) in the Malliavin test functions on an abstract Wiener space; b) in the rst order Sobolev space on pinned and free loop spaces; c) in the rst order Sobolev spaces associated with reversible Fleming-Viot processes.
Introduction
The purpose of this paper is to prove existence of (continuous) partitions of unity in Sobolev type spaces over in nite dimensional (not necessarily linear) state spaces. In the case of the Sobolev spaces D r p over an abstract Wiener space we even prove the existence of partitions of unity which are simultaneously in all of them, i.e., in the Malliavin test function space D 1 . This was, however, essentially known (see Go71] , Pi77] and Remark 2.2 (ii)), but our general techniques developed in Section 1 below, leads to a quite simple new proof of this fact, which is presented in Section 2. Subsequently, we concentrate on partitions of unity in Sobolev type spaces of order one, more precisely Dirichlet spaces. If the Dirichlet space is regular, in particular its state space a locally compact separable metric space, the existence of partitions of unity is almost trivial (see Section 3 below). This is entirely di erent for more general Dirichlet forms on merely Polish state spaces. In Section 4 we consider a certain class of Dirichlet spaces (E; D(E)) on Polish state spaces studied in RS93], and in Theorem 4.3 we give quite general conditions which ensure the existence of partitions of unity in D(E). In Section 5 we present applications of Theorem 4.3. We prove that it applies, if e.g. the intrinsic metric associated with (E; D(E)) is uniformly equivalent to the initial metric (cf. Theorem 5.1.1). Furthermore, we show that partitions of unity exist for the following Dirichlet spaces which were constructed and analyzed recently (cf. 
Preliminaries and some abstract results
For the convenience of the reader we rst recall some basic concepts which will be used throughout this paper. Let E be a topological space. A covering of E is locally nite if every point of E has a neighborhood which intersects only nitely many elements of the covering. Let fU g and fV i g be two coverings. We say that fV i g is a re nement of fU g, or fV i g is subordinated to fU g if each V i is contained in some U . A topological space E is paracompact if it is Hausdor , and every open covering has a locally nite open re nement (open here means, it consists of open sets). Typical examples of paracompact spaces are metric spaces (cf. e.g. B74] ). We shall make use of the following lemma for the proof of which we refer also to B74]. For any subset A E let A be the closure of A in E and set A c := E n A. Lemma 1.1 Let Note that if E is a manifold and W = C k or W = C 1 , then the above de nition of partition of unity coincides with the classical de nition given in any text book on di erentiable manifolds.
Partition of unity provides a means of getting from local to global results. It is therefore important to determine conditions under which a space admits partitions of unity. In the case of in nite dimensional manifolds, certain diculties arise with the construction of partitions of unity of class C 1 or class C k . However, as will be seen in this paper, if we consider certain weak notions of smooth functions, e.g. smooth functions in the sense of the Malliavin calculus, or functions being in the domain of Dirichlet spaces (which can be regarded as a weak notion of C 1 ), it is still possible to construct partitions of unity. This is the main topic of this paper.
Below there are three abstract results concerning partitions of unity, which identify the underlying technical conditions that are needed. The proofs are quite simple. Thus one can check that supp u ;n ] V ;n for all n 1, and for each x 2 U there exists n 2 IN such that u ;n (x) 1. Repeating the above procedure for each 2 , and then rewriting the countable index set f( ; n) j 2 ; n 2 INg by fi j i 2 INg, we obtain fV i g i2IN and fu i g i2IN satisfying (1.2). Therefore, it follows from Proposition 1. (ii) It was known for a long time that an abstract Wiener space (E; H; ) admits partitions of unity of class H-C 1 (i.e., the class of functions which are in nitely di eretiable along H, cf. Go71] Pi77]). But it was surprising for us that nobody realized that the functions used in Go71] can be used to construct partitions of unity of class W (with W as in Theorem 2.1). For example, Furthermore, as usual we set E 1 := E + ( ; ) L 2 (E;m) . Theorem 3.1 Let (E; D(E)) be a regular Dirichlet form on L 2 (E; m). Then where h is some strictly positive bounded continuous function in D(E)) and 1 is some bounded metric on E which is uniformly equivalent to , (i.e., the identity from (E; ) to (E; 1 ) and its inverse are uniformly continuous). Then E admits partitions of unity of class W. Remark 5.3.3 Let d be the intrinsic metric associated to (E A ; D(E A )) de ned by (5.1.1). Assume for simplicity that A(z) = id H for all z 2 E, and suppose H 6 = E. Then d is not uniformly equivalent to the metric given by k k E . It is not even nite. Indeed, since k k H and k k E 0, are not equivalent on E 0 , we can nd l n 2 E 0 with kl n k H = 1; n 2 IN, and sup n kl n k E 0 = +1. By the uniform boundedness principle there exists z 0 2 E such that l n (z 0 ) % 1 as n ! 1, hence we may assume that l n (z 0 ) n for all n 2 IN. Let 
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